In this paper we return to the subject of Jacobi metrics for timelike and null geodsics in stationary spactimes, correcting some previous misconceptions. We show that not only null geodesics, but also timelike geodesics are governed by a Jacobi-Maupertuis type variational principle and a Randers-Finsler metric for which we give explicit formulae. The cases of the Taub-NUT and Kerr spacetimes are discussed in detail. Finally we show how our Jacobi-Maupertuis Randers-Finsler metric may be expressed in terms of the effective medium describing the behaviour of Maxwell's equations in the curved spacetime. In particular, we see in very concrete terms how the magnetolectric susceptibility enters the Jacobi-Maupertuis-Randers-Finsler function.
Introduction
In this paper we consider the motion of a neutral particle moving in a stationary spacetime. Because the metric is stationary there is a conserved energy and it is natural, following the time honoured procedure of Maupertuis and Jacobi, to convert the problem to a variational problem at fixed energy. If the metric is static this is straight forward and one finds that the motion may be obtained as the the geodesics of a Riemannian metric which for massive particles depends on the conserved energy [1] . For massless particles the metric is independent of the energy and is often referred to as the optical or sometimes the Fermat metric. For stationary metrics the cross term between the space and time components of the spacetime metric renders the situation more complicated.
For massless particles the motion may be obtained as the geodesic of a metric which is, however, not Riemannian but rather a Finsler metric of so-called Randers type [2] . Randers-Finsler metrics arose originally in an attempt to provide a unified description of gravitation and electromagnetism. As a first step Randers started by considering a charged particle moving in curved spacetime metric and an electromagnetic field [3] . Subsequently the particle trajectories were recognised as the geodesics of a particular example of a Finsler metric. In [1] it was stated that "the motion of massive particles is governed by neither a Riemannian nor a Finslerian metric". As pointed out in [4] this statement is not correct. In fact, the motions of massive neutral particles are the geodesics of an energy dependent Randers-Finsler metric. In this paper we elaborate on the considerations of [4] and the light they throw on the unsuccessful attempts of [5] .
As pointed out above, the necessity of passing to a Randers-Finsler metric arises from the cross terms in the metric. This is perhaps not too surprising since the cross terms also give rise to the phenomenon sometimes referred to as the "rotation of inertial frames" or, more graphically, "gravito-magnetism". In [3] the Maxwell field was treated as a fixed background. However it is also of interest to ask how a general time dependent Maxwell field responds to a stationary background. One approach to this question is to write out Maxwell's equations in a local coordinate system defining electric and magnetic fields and electric and magnetic inductions. The former are related to the latter by linear constitutive relations where the susceptibilities depend upon the components of the spacetime metric and are, in general, position dependent [6, 7] . In a stationary metric gravito-magnetism expresses itself as gravitational magnetoelectric effect [8] in which the constitutive relations mix electric and magnetic fields. We are able to show how the susceptibilities enter the Jacobi-Randers-Finsler metric reflecting this phenomenon.
Furthermore, we know that the existence of a conserved quantity implies the reduction of a degree of freedom from the overall motion. Since the formulation of the Jacobi-Maupertuis metric is centred around the availability of a conserved quantity, it is essentially a reduction of the dimension of the moduli space of geodesics. When the conserved quantity is associated with a cyclical coordinate, we are reducing the dimensions of the configuration space of the geodesic by that cyclical co-ordinate, thus simplifying the mechanical problem.
The plan of the paper is as follows. Section 2 introduces constraints among the spatial momenta and the energy giving rise to the difficulties experienced in [1, 5] . In section 3 we treat the simpler electromagnetic case in preparation for the full stationary case in section 4. In section 5 we give some explicit examples including the physically important case of the Kerr metric for a rotating black hole. Finally, in section 6 we relate the previous sections to the gravitational magnetoelectric effect.
Constraint for momenta of a geodesic
If the relativistic Lagrangian for a free particle moving in a stationary spacetime is given by:
where the metric signature is +, −, −, −, x = (x, y, z) specifies the spatial coordinates and the dot indicates differentiation with respect to an arbitrary parameter, then the canonical momenta are:
where E = p iẋ i − L is the relativistic energy of the system. Thus, the canonical momenta of a geodesic satisfy the constraint:
The relativistic momenta are therefore constrained to the "mass shell" at all points of spacetime.
On the other hand, for the Jacobi metric ds J = p i dx i , one demands:
Thus, the momenta would be given by
and the constraint equation for the momenta (5) for the Jacobi metric would be:
This rule has been applied to static spacetimes in [1] (where g 0i (x) = 0 , g 00 (x) = (g 00 (x)) −1 )
and attempted in [5] . The constraint for momentum of a stationary spacetime will be:
g 00 (x)p 2 0 + 2g 0i (x)p 0 p i + g ij (x)p i p j = (mc) 2 , from which it is evidently impossible to determine the constraint equation for the Jacobi metric (4), compelling us to return to first principles.
3 Jacobi metric for a Lagrangian with magnetic fields In this section we shall proceed by considering a non-relativistic Lagrangian involving magnetic fields. Starting from the relativistic Lagrangian (1), defining g 00 (x) and parametrizing with respect to time g 00 (x) = 1 + 2U(x) mc 2 ,ṫ = 1, and taking non-relativistic approximation by expanding binomially up to first order as shown in [9] , we will have the non-relativistic Lagrangian involving magnetic fields:
Omitting the additive term −mc 2 , and writing G ij (x) = −g ij (x) , −mcg 0i (x) = A i (x), we get:
Since in the presence of magnetic type interactions the optical geometry is no longer Riemannian [2] , we are led to replace (4) with the more general ansatz
with F an arbitrary homogeneous function of degree one in the second set of variables fulfilling appropriate regularity conditions. From (8) the canonical momenta and energy are given by:
Thus, by direct formulation by applying (10) to (9) , the Jacobi Lagrangian is given by:
Thus, the Jacobi metric for a system with magnetic fields is a Finsler metric of Randers type given by:
This represents a generalization of the the original model of Randers [3] which was used in [2] to describe null geodesics in stationary spactimes. We will compare this result to the non-relativistic limit of the relativistic Jacobi metric that we will deduce later.
Jacobi metric for a stationary spacetime
Upon applying (2) , the Jacobi Lagrangian is given by:
g αβ (x)ẋ αẋβ Here, let us define the spatial metric,
allowing us to write the Jacobi Lagrangian as:
From the 1st equation of (2) for momentum p 0 , we obtain the following relationship,
Now, applying (14) to the Jacobi Lagrangian (13), we have the form
so that we can write the Jacobi metric as:
This is a Finsler metric of Randers type characterized by a Riemannian metric a ij and a one-form b i subject to positivity and convexity of F , which turn out to be satisfied provided that (e.g., [10] ,
If we set g 0i (x) = 0, the result (16) will clearly match (7) . Under the approximation of nonrelativistic limit, with weak potentials, we will obtain the non-relativistic limit of the Jacobi metric (16) as shown in [5] :
Thus, the non-relativistic Jacobi metric will be
which is comparable to the Jacobi metric derived for a classical Lagrangian system with magnetic fields involved (11) if we write G ij (x) = −g ij (x) and A i (x) = −mcg 0i (x).
Some examples of Jacobi metrics
Two of the examples to which the formulation was applied require correction: the Taub-NUT, and Kerr metrics. The correct Jacobi-Maupertuis metrics are as follows:
Kerr metric
The Kerr metric (for c = 1) is given by:
where ∆(r) = r 2 − 2GMr + a 2 , ρ 2 (r, θ) = r 2 + a 2 cos 2 θ .
From which, we can deduce:
Thus, according to (16), for p 0 = −E the Jacobi metric for Kerr metric will be:
For m = 0 and in the ultra-relativistic limit E ≫ m, this metric reduces to the Kerr-Randers optical metric investigated in [11] up to a constant factor E. For the non-relativistic low energy and weak potential limit (GMr ≪ ρ 2 )
4a 2 sin 4 θ ≪ 1 ∆ = ρ 2 1 − 2GMr ρ 2 + a 2 sin 2 θ ≈ ρ 2 + a 2 sin 2 θ ⇒ ∆ − a 2 sin 2 θ ≈ ρ 2 −g ij (x) dx i dx j ≈ ρ 2 ρ 2 + a 2 sin 2 θ dr 2 + ρ 2 dθ 2 + ρ 2 + a 2 sin 2 θ sin 2 θdϕ 2
we have according to (18):
ds J ≈ 2m E + GMr ρ 2 ρ 2 ρ 2 + a 2 sin 2 θ dr 2 + ρ 2 dθ 2 + ρ 2 + a 2 sin 2 θ sin 2 θdϕ 2 − m 2GMar sin 2 θ ρ 2 dϕ.
As before, we can now consider the geodesic of a free particle of mass m in this spacetime. Then the Jacobi Lagrangian is the Finsler function of Randers form given by (16) and thus, using (30) and (31), we find, F (x,ẋ i ) = p 0 g 0i g 00ẋ i + p 2 0 − m 2 g 00 g 00
The inverse of the electric permittivity and the dual of the magnetoelectric susceptibility act therefore as the Riemannian metric and the one-form of the spatial Randers metric respectively. Of course by (30) we obtain an identical relation in terms of the magnetic permeability and the dual of the magnetoelectric susceptibility.
